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THE MATRIX MODELS OF DIGITAL ANTENNA ARRAYS 
WITH NONIDENTICAL CHANNELS 

V. L Slyusar 

Central Research and Development Institute of Armament and Military Engineering 
Kiev, Andruschenko Street, 4, e-mail: swadim@777.com.ua 

The modern technology of radar and mobile communi- 
cations systems is adaptive digital beam forming. When 
considering the multicoordinate digital beam forming 
in radar and communication systems with nonidentical 
channels of antenna arrays there is a problem of com- 
pact matrix record of the receiving channels responses. 
To solve the given problem it is proposed to operate 
with a special type of the matrices product, named by 
the author as "penetrated" and "generalized face- 
splitting" products. 

According to the definition [1], for pxg-matrix A and 
pxgn-matrix B with pxg-blocks (B =[Bn]) their pene- 

trated face-splitting product A a B is the pxgn-block- 
matrix[AoBn], where "o" -a symbol of Adamar 

splitting, Bn — is a pxg-block of matrix B: 

AfflB=[AoB1!AoB2r--!AoBnr-j or AHB = 

The example: 

AoBj 

Ä°?2~ 

X"oBn 

all   a12 
a21   a22 ,  B = 

"Bi" 
B7 

.a31   a32_ w A = 

bill b121 
b211 b221 
b_3_U_?32J. 
b112  b122 
b212 b222  , ASB = 
b312_b322 
b~113 b123 
b213 b223 
b313 b323 

As an example, the response of three-coordinate flat 
digital antenna array of RxR elements can be written 
down through penetrated face-splitting product of ma- 
trices as (without noise): 

U=ä-(QsF)=ä-[QoF1!QoF2!-!QoFr !•■■], 

where -a — is a complex signal amplitude, 

»11 •bin a12 ,b121 
a2! •&211 a 22 -b221 
a31 •b311 332 •b32i 

an •bin a12 •b122 
a2j •b2J2 a22 >b222 

»31 'b312 332 -b322 
an 'b113 3l2 <b123 
a2J 'b213 a22 "b223 

_a3i -b313 a32 -b323 

Q = 

Qn(x.y) Qi2(x,y) - Qm(x,y) 

Q2i(x,y) Q22(x,y) •• Q2R(*,y) 

QRI (x,y) QR2 (x,y) ••• QRR (x,y) 

is the matrix of the directivity characteristics of primary 
channels in azimuth and elevation angle planes (can 
not be factorized), 

Fm(ca) - F1R1(co)j    JF11G(<B) - F1RG (co) 
I     ...      ;     i...i     ;      ...      : 

FR11 (co) • • • FRR ! (co)!    IFR1G (co) • • • FRRG (CO) 

is the block-matrix of amplitude-frequency characteris- 

tics meanings F^g (co) of G filters for RxR noniden- 

tical receiving channels (Fug (co)'t ^rrg (f0))» 

QoFB 

Qn(x'yFiig(ffl) - QiR(x>y)FiRg(ß)) 
Q2i(x,y)F2ig(co) ••• Q2R(x,y)F2Rg(co) 

QRI (x,y)FRlg(co) ••• QRR (x,y)FRRg (co) 

U - block-matrix of voltages of the channels responses. 

To select a single source on four coordinates (azimuth, 
elevation angle, frequency and range) the response of 
digital antenna array can be written down through 
generalized face-splitting product or generalized trans- 
posed face-splitting product (the theory of face-splitting 
products is presented in [1-4]). According to the defi- 

nition, for block-matrices A = |AJJ]    and B = |BjgJ 

with pxg- blocks their generalized face-splitting prod- 
uct A"3B is the block-matrix 

[AijHJBil Bi2 ... Big •••] . 

The example: 

A °B= 

An  A12 ••• A1T 
A21   A22 •" A2T 

.AP1   AP2 ••' APT 

Bii % ••" BIG 
B2I   B22 "• %} 

Bpi Bp2 ••• BpG 

AnfflfB„ -B1G1 j-j A1Tffl 
A2iHlB2i - B2GJ 1-1 A2TB 

1 . 1 
1 • 1 

11 
21 •" 

1GI 
2GJ 

AP1a[Bpi - BPG ]!•••! ApTffl[BP1 -BPG] 
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The alternative to the above considered is a generalized 
transposed face-splitting block-matrices product: 

A«B: Aij® 

Bi 
B 2j 

B Qj 

For example, it can be written down: 

A"B= 

Au® 

Al   Al2 •" AiT 

A21  A22 ••• A2T 

Afi Ap2 ••• ApxJ   [% Bp2 ••■ BpG 

Bn B^ ••• BiQ 

B21 B22 ••• B2G 

B21 

B Pi. 

AP1B1 

B 11 

*21 

B Pi. 

A12a 

B12 

B22 

B P2. 

AP2® 

B12 
B22 

B P2. 

A1Ts 

'1G 

2G 

5PG 

ApTa 

B1G 
B2G 

B PG 

The response of four-coordinate fiat digital antenna 
array with RxR nonidentical channels can be present as 
(without noise): 

U=(Q®^,aF})-ä = Qlil[s1iaF !S2®F!---|SrllF]-ä, 

where 

S = 
Sin(z) - S1Ri(z) 

SRll(z) '•• SRRl(z) 

SHT(
Z
) "• SIRT(Z) 

S
RIT(

Z
) •■• S

RRT(
Z
). 

is the matrix of the responses of single signal in T 
range gates (all channels have nonidentical radio im- 
pulse curve Sut^)* Snt (co)). 

The alternate to considered above variant of analytical 
model of four-coordinate radar with flat digital antenna 
array is 

U=(Q m ^ "F})-a = Q S 
SJHJF 

ST®F 

where 

s=sR=[s1!-!STf = 

Sm(z) 

ARIJM. 

S"IIT(
Z
T' 

SRITW 

SlRl(z)" 

.§RRiM 

"SmrlzJ 

SRRT (
Z
) 

F=FR=[F1!-!FGf = 

" Fn>1(©) - FjR^ffl) 

lRnfe)_:;IssiR 

FRIG(°>) •••FRRG(
Cö

) 

"R" is the symbol of block-rotation (this new block- 

matrix operation is proposed by author). 

With the considered matrices models, on the basis of 
Neudecker's matrix derivative [3,4] an information 

Fischer's block-matrix, describing the accuracy of joint 

estimation of angular coordinates, range and frequency, 

is obtained: 

'7 
pT.p 

6P_ 

dY 

dY 

8P_ 

BY 
(aa -IRRTG)^: 

where   IRRTQ 

DP 
RxRxTxG, 

dY 

-   a   unit   matrix   of  dimension 

Neudecker's derivative of matrix P 

on vector Y formed of unknown estimations of angular 

coordinates, range and frequency of sources, 

P=Q®pF orp = Q  H |s  ■?  • 

To analyse multistatic radar systems the following 
matrix model (without noise) can be used: 

U = 

Qi 
Q2 

S11 • •• STI F„  • - F?i 

Sip  • •• STP F1P   • •• FGP 

Qi 
Q2 

Q111 (x,y) - QiRi (x,y) 

Q211 (x=y) •• Q2Ri/x,y) 

QRH (x»y) •• QRRI (x,y) 

Qnp (x,y) •• QIRP (x>y) 

Q2ip.(x>y) •• Q2RP.(x=y) 

QRIP (x.y) •• QRRP (x.y) 

stp = 

F     = gp 

Slltp (z)  •"    SlRtp (z) 

SRUP (
Z
) "•   SRRtp   (z) 

"Fllgp (m)   -   FlRgp (ffl)' 

pRlgp I®) -  FRRgp   (®) 

Ugtp^lQpoStpoFgpJ-a, 

P is a number of radar position. 
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In the general case, for multiple signals the modeling 
concept, based on using of block generalized face- 

splitting product (symbol " © ") and block generalized 

transposed face-splitting product (symbol " ® ") can be 
proposed. According to the definition, 

A@B = [AbgBBbklln>A®B = [Ahg*Bkglln. 

The example: 

A = 
Alll   A121!A112   A122 
A211   A22i|A 212 L222 

B = 
Blll   B121 jB112   B122 

.B211  B221 iB212  B222 
, A@B = 

Am A121 
_A2n A22y 

61116121 
62116221. 

A112 A122 
LA212 A222J 

ßin 6122 
6212 6222. 

A ® B = 

Am A12i 
J.A2ii A22L 

'S 61116121 
.6211622J 

Ai 12 A122 
LA212 A222. 

■f 
B112 6122 

_6212 6222J_ 

The model of four-coordinate radar with flat digital 
antenna array in multisignal case can be written as: 

U=(Q §(S®F))(A®IR), 

where A is the vector of complex amplitudes of signals 
oft sources, 

Qlixmym) ••• Omfcrnym) 

QRl(xm>ym) • • • QRR(xm-ym) 
QlV"<^.Qm = 
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F = 

S = Si s2 

Sm ~ 

SM 

Siii(.zm) "■■ Suu(zm) 

ÄRufemljllSRRjiZnjJ 

SllTizmJ •"  SlRTlzmJ 

SRITIZIII) "•• SRRTlZm) 

Flll(mm) ••• FlRl^m) 

_?BIL(?m)j::J_RRli?_m). 

FTlGpml'^FlRG^ml 

pRlG^m) •••FRRG(com) 

IR is a unit matrix of dimension R; 8> — symbol of 

Kronecker's- products of matrixes. 

Fl   F2 *M > "m 
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